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We consider the RNA molecule as a self-avoiding walk on the simple cubic lattice and use a
modified Wang-Landau method to calculate its specific heat Cv and mean square end to end
distance R2 as a function of temperature. The energy function includes hydrogen bond energy
ε, stacking energy ε, or chain rigidity energy J . We find that inclusion of pseudoknots or
ε greatly changes the behavior of Cv and inclusion of stacking energy greatly changes the
behavior of R2.
1 Introduction
RNA molecule is a highly charged heteropolymer built from 4 types of nucleotide bases.
Like the proteins, a RNA molecule can attain secondary and tertiary structure with the lat-
ter being function-related. It is widely believed that the folding of a RNA molecule occurs
in two stages. First the elements of the secondary structure are formed, and then such el-
ements are folded to form the tertiary structure with the energy change much smaller than
that in the first stage. This mechanism is known as hierarchical folding1. The typical phys-
ical interactions in RNA molecules include complementary hydrogen bonds between A-U
and G-C pairs of nucleotide bases, strong electrostatic interactions and stacking interaction
between neighbor bounded pairs2, 3. The important feature of hydrogen bonding between
bases is that this bonding is of saturated nature meaning that once two bases are bonded,
there can be no other bonds with other bases.
Most theoretical models for predicting the secondary structures of RNA sequences ne-
glect the formation pseudoknots (see e.g. Fig. 1 in Ref. 3) and assume the hierarchical
mechanism of folding. Among other theoretical approaches, the coarse grain lattice mod-
els have been applied to study the statistical behavior of RNA folding, e.g. Leoni and
Vanderzande4 applied so called self avoiding two-tolerant trail model to study the RNA
folding on a square lattice, in which the saturated nature of the hydrogen bonds is taken
into account by allowing the chain to visit each bond at most twice. The twice visited bond
corresponds to the H-bonded bases. They consider the simple Hamiltonian which includes
only the energy of hydrogen bonds. With this model they obtained the phase diagram of
the system which includes native, coiled and branched polymer phases. The similar two-
tolerant trail model is applied for simulations on face centered cubic lattices5 and Husimi
lattice6.
In this paper we model a RNA molecule as a self avoiding walk on the simple cubic
lattice and use Monte Carlo method to study its thermodynamic behavior.
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2 The RNA Model and Monte Carlo Moves
We consider a RNA molecule of N bases as a self-avoiding random walk of length N on
a 3D simple cubic lattice. Each lattice site corresponds to one nucleotide base and can
be visited only once. The lattice bonds mimic chemical links between monomers. We
consider following interactions: (i) Hydrogen bonds between two bases. The homopoly-
meric approximation is assumed wherein each base can be H-bonded to any other if their
distance equals to 1 lattice constant. This approximation is not principal, and the proce-
dure described below can be easily extended to the heteropolymeric case. However, here
the saturated nature of H-bonding is maintained meaning that each base is allowed to be
bonded only with one other. The energy value ε is associated with each bounded base-pair.
Due to the homopolymeric approximation, here the value of ε is taken as an average of
the energies of A-U and G-C bonds. We use the value2 ε = 15kcal/mol. (ii) Stacking
interactions between two successively H-bonded pairs. When two neighbor base-pairs are
H-bonded then an energy ε is added to the Hamiltonian. We take2 ε = 0.5ε or ε. (iii)
Bending energy or the rigidity of the chain. Bending of the chain is penalized by some
energy J . Some unit vectors −→s i are assigned to each lattice bond to describe this term.
With these basic interactions included, we have the Hamiltonian
H = −
∑
(i,j)∈S
ε−
∑
(i,j)∈S
εgi,i+1,j−1,j − J
N−1∑
i=1
−→s i−→s i+1. (1)
Here the three sums correspond to the three types of the interactions describe above. In
the first and the second terms the summation goes over all base pairs (i, j). The function
gi,i+1,j−1,j in the stacking energy term takes value 1 if the base pairs (i, j) and (i+1, j−1)
are H-bonded simultaneously, and 0, otherwise. The sum in the third term goes over all
chemical bonds. At this point we purposely don’t include the electrostatic interactions
which will be discussed later.
To investigate the thermodynamics of our system we use the Monte Carlo technique to
sample the phase space. Starting from some initial configuration of the chain we apply the
pivot algorithm7 as a proposal move to the next configuration. In the initial configuration
the hydrogen bonds are assigned starting from some random site first in one direction, and
then in the opposite one. The basic procedure is as this: if the chosen site is not H-bonded
then a random search is made between its nearest neighbors (not chemically connected to
the given site). When the first non-bonded site is found then a bond is placed between it
and the chosen one. If no free neighbors are found then the next site is considered. Two
strategies are applied for assigning the hydrogen bonds during the Monte Carlo move: (i)
When the center for pivot rotation is chosen the hydrogen bond of the given site as well
as of the next and the previous sties are considered broken. After the pivot move these
bonds are restored again using the procedure described above. After restoring the bonds
the energy of the new configuration is calculated. (ii) All hydrogen bonds along the chain
are considered broken and reconstructed anew after the pivot move. The Wang-Landau8
algorithm is used for calculating the density of states. Then the average thermodynamic or
the structural quantities are being calculated with the general formula
〈A〉T =
∑
i〈A〉Eig(Ei)e−Ei/kT∑
i g(Ei)e
−Ei/kT . (2)
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Figure 1. The specific heat Cv as a function of the temperature T (in unit ε/k) for the system with only hydrogen
bond energy and including pseudoknots (bold line) or excluding pseudoknots (light line), N = 100.
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Figure 2. Cv as a function of T (in unit ε/k) for the system with hydrogen bonding & stacking interactions of
ε = 0.5ε (bold line) or ε = ε (light line), and without pseudoknots, N = 100.
Here T is the temperature, k is the Boltzmann constant, 〈A〉T is the quantity under consid-
eration, Ei is the energy of the state i, and g(Ei) is the density of state. In the simulations,
we allow formation of the pseudoknots3.
3 Results
Before starting simulations with the full Hamiltonian (1), we have studied the behavior of
the systems with simplified energy functions in order to get more detailed insight. Due to
the limited space we bring here the results for only these simplified systems.
The system with the hydrogen bond energy only. This corresponds to the first sum
in (1). The simulated results of specific heat Cv as a function of the temperature T (in
unit ε/k) for the system with pseudoknots (bold line) or without pseudoknots (light line)
are plotted in Fig. 1, which shows a well defined compaction transition; the transition is
sharper in the system with pseudoknots. The same transition is seen also on the graph of
the mean squared end-to-end distance (not shown here).
Hydrogen bonds plus stacking energy. This corresponds to the sum of the first two
terms in (1). In this case (Fig. 2) the specific heat is not single-peaked. While the small
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Figure 3. The mean square end to end distance R2 vs. T (in unit J/k) with ε = 0, J = 2kJ/mol and
N = 100.
peak at the left side of the main one might be non-essential (within the sampling error) the
one at the right side can not be overlooked; it might be the manifestation of two-step RNA
folding in the hierarchical folding mechanism. Figure 2 shows that changing the stacking
energy affects considerably the position of the peak.
Hydrogen bonds plus chain rigidity. This corresponds to the sum of the first and third
terms in (1), where J may be estimated by investigating the behavior of the correlation
length for the Hamiltonian at room temperature. Some estimates show that the correlation
length is not larger than several thousands of monomers which gives the value between
0.5kJ/mol and 4kJ/mol. For this case we plot the mean squared end-to-end distance
as a function of T in Fig. 3 with J = 2kJ/mol. One can see that even such a small
rigidity brings a strong frustration into the system; the small peak on the graph manifests
the existence of glassy structure at low temperatures.
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